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Abstract 
The paper describes a three-dimensional temporary temperature field in the semi-infinite body caused by a moving laser heat source with any 
trajectory. In considerations the model of the surface heat source with the Gaussian distribution of power density was adopted. The trajectory of 
the source was approximated by straight sections. The calculation model of the temperature field takes into account changes in temperature 
caused by successive passes of the laser (temperature rise associated with the source action the source and cooling areas previously heated). 
Temperature field calculations in a rectangular steel member were carried out. The results of the calculations were illustrated by distributions of 
temporary and maximum temperature in a heated element. 
© 2016 The Authors. Published by Elsevier B.V. 
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1. Introduction 
Lasers as movable heat sources are commonly used in technology of metal and metal alloys processing, including cutting, heat 
treatment (quenching), welding, bending, and lately in additive manufacturing. Modelling of temperature field in these processes 
raises continued interest of many researchers, who created numerous works on this subject.
A review of mathematical models of laser cutting of steels in the early 90s of the last century has been presented in [1] by 
O’Neill and Steen. On the other hand Mackwood and Crafer in 2005 reviewed the literature [2] concerning laser welding and
related processes, including more than 200 titles. Two approaches dominate in the modeling of the temperature field caused by a
moving laser heat source: analytical (e.g. [3-7]) and numerical (e.g. [8-16]). Although in recent years FE method is most 
frequently used in the modeling of the temperature field, the analytical description is still very popular, because the analytical 
solution to heat conduction equation offers quicker assessment of temperature field and its dependence on parameters such as e.g. 
heat source velocity and power. 
2. Analytical description of the temperature field 
The starting point for the temperature field description in a homogeneous and isotropic body is the differential equation of 
heat conduction based on the energy conservation law [17]:
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Nomenclature 
a            thermal diffusivity (m2/ s)
Cp            specific heat (J/kg K) 
k  thermal conductivity (W/m K) 
li           length of i-th segment (m) 
q            heat source (J) 
t            time (s)
tj            time of heating of j-th segment
T(x,y,z,t) temperature of body (K) 
T0             initial temperature of body (K) 
t0              quantity characterized surface heat source distribution (s) 
tpi             auxiliary time after i-th weld (s) 
v              velocity of heat source (m/s) 
x, y, z       global Cartesian coordinates 
x’, y’, z’ - coordinates of the heat source (m) 
x0i, y0i, xki, yki, - coordinates of i-th segment beginning  and ending (m) 
Greek letters
E - angle between direction of heat source motion and axis x (rad) 
U - density (kg/m3)
which after the introduction of temperature compensation coefficient: 
UpC
k
a  (2)
assumes the form: 
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where k denotes thermal conductivity (W/m K), a - thermal diffusivity (m2/ s), Cp – specific heat (J/kg K),  - density (kg/m3).
When searching for the temperature field description, a solution of the basic equation is generally used (1) for the infinite body 
with a momentary/temporary heat source Q applied at any point on the body, with the coordinates (x, y, z) [18 - 23]: 
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Solution of an equation for the model of a massive body (half-infinite) (1) has the following form: 
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with the following initial-boundary conditions: 
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For the description of the temperature field caused by a laser beam [3] surface heat source of Gaussian distribution is assumed 
(Fig. 1) 
     
Fig. 1. Gaussian density distribution of the heat source.     Fig. 2. A diagram for determining the heat source path. 
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where rB is an average radius of the Gaussian distribution heat source at which its density decreases to 1/e of its maximum qmax.  
The temperature field for multiple-passes of a heat source will be determined by the formulas: 
- for the time  t <= tk where tk = tj=k means the total heating time (from the first to the end of the k-th pass):
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where t  means the current time of the entire welding process, tai - auxiliary time after execution  i – of the transition (interval 
time for moving the source to the begining of the next heated section of the trajectory or other technological break of the  
process), li - the source path during  i – of the transition determined from dependence (Fig. 2):
   2020 ikiikii yyxxl  (16)
x0i, y0i, xki, yki are the coordinates respectively of the beginning and end i-th transition; 
- for the time  t > tk the temperature field is obtained in the form of: 
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3. Example of calculations 
The calculations of time-varying field of temperature were carried out for the steel plate in the shape of a rectangle measuring 
0.1 (m) × 0.25 (m) and a thickness of 0.03 (m) made of S235JR2steel. Numerical simulations were performed for the trajectory 
of the source approximated by 23 differently oriented in the plane {x, y} sections creating sign AGATHA. Thermal properties of 
the heated material have been determined by the temperature compensation factor/ coefficient a = 8·10-6 (m2/s), specific heat Cp
= 670 (J/kg K) and density  = 7800 (kg/m3). Power of heat source 700(W) was assumed and its velocity v = 0.01 (m/s), a 
Gaussian distribution of power was determined by t0 = 1 (s). Fig.3 presents maximum temperature isolines in the form of the 
word Agatha caused by the moving heat source on the plate surface. In turn, the temporary temperature distribution on the 
surface of the plate fragment at time t = 21 s from the start of the movement of the heat source (drawing the bottom of the letter 
G) is presented in Fig. 4. Thermal cycles at the selected points of the surface plates are illustrated in Figures 5 and 6. 
Fig. 3. Isolines of maximum temperature (K) on the surface of the plate caused by the source. 
Fig. 4. The temperature distribution (K) on the surface of the plate fragment at time t = 21 seconds from the start of the movement of the heat source (drawing the 
bottom of the letter G). 
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         Fig. 5. Thermal cycle at a point 0.05, 0.056                                                                                               Fig. 6. Thermal cycle at a point 0.11, 0.053 
4. Conclusion 
The solution to temporary temperature field in half-infinite body caused by heat source with changeable direction of motion 
presented in this work enables to calculate temperature at any time and any point of cuboidal element with adequately large 
measurements, which often are elements of heavy work machines. For surface heat source of trajectory approximated with 
straight segments temperature field was determined considering temperature changes during making next segments (increases in 
temperature connected with heat source action and self-cooling of already heated areas). Demonstrational computations were 
conducted for cuboidal elements made of S235 steel for different trajectory of source. Results are presented in the figures of
temperature distribution in the surface of elements and thermal cycles of selected points. 
Presented results make starting point for the further analysis of thermo-mechanical states taking into account phase changes 
(defining melting areas, total and partial phase change) and determination of stress states. The proposed solution can be 
successfully used to describe the temperature field in technological processes based on moving laser beam, such as heat 
treatment, cutting and additive manufacturing.
References 
[1] O’Neill W., Steen W., Review of mathematical models of laser cutting of steel. Lasers Eng 1994, 3:281-299. 
[2] Mackwood A.P., Crafer R.C., Thermal modelling of laser welding and related processes: a literature review. Optics & Laser Techn 2005, 37:99-115. 
[3] Geissler E., Bergmann, 1988, 3D Temperature fields in laser transformation hardening, Part I: Quasi-stationary fields, Optoelektronik Magazin, 4 1988 No 
4, 396 – 403.
[4] C. Maier, P. Schaff, U. Gonser, Calculation of the temperature profile for laser treatment of metallic samples, Mat. Sci. and Eng. 150A (1992)  271 – 280.
[5] Parkitny R., Winczek J., Jabreen H., Thiab S.M., Pola temperatur w elementach stalowych poddanych działaniu ciągłego i impulsowego laserowego źródła 
ciepła. II Ogólnopolska Konferencja Naukowa "Obróbka powierzchniowa", Kule 13-15.10.1993, Wydawnictwo Politechniki Częstochowskiej, 
Częstochowa 1993, s.129 – 133 
[6] M. Van Elsen, M. Baelmans, P. Mercelis, J.-P. Kruth, Solutions for modeling moving heat sources in a semi-infinite medium and applications to laser 
material processing, Int. J. Heat and Mass Transfer 2007, 50: 4872-4882.
[7] Cheng P.J., Lin S,C., An analytical model for the temperature field in the laser forming of sheet metal. J Mat Proces Technol 2000, 101:260-267. 
[8] Ming H.G., Jian Z., Qang L.J., Dynamic simulation of the temperature field of stainless steel laser welding. Materials & Design 2007, 28:240-245. 
[9] Roberts I.A., Wang C.J., Esterlein R., Stanford M., Mynors D.J., A three-dimensional finite element analysis of the temperature field during laser melting of 
metal powders in additive layer manufacturing, Int. J. Machine Tools & Manuf. 2009, 49:916-923.
[10] Li C., Wanga Y., Zhan H., Han  T., Han B., Zhao W., Three-dimensional finite element analysis of temperatures and stresses in wide-band laser surface 
melting processing. Materials & Design 2010, 31:3366-3373. 
[11] Piekarska W., Kubiak M., Saternus Z., Application of Abaqus to analysis of the temperature field In elements heated by moving heat sources, Archiv. 
Foundry Eng. 2010, 10(4)4:177:182. 
[12] Shuja S.Z.,Yilbas B.S., Momin O., Laser heating of a moving slab: Influence of laser intensity parameter and scanning speed on temperature field and melt 
size, Opitics and Lasers in Engineering 2011, 49:265-272. 
[13] Ding J., Colegrove P., Mehnen J., Ganguly S., Sequeira Almeida P.M., Wang F., Wilimas S., Thermo-mechanical analysis of Wire and Arc Additive Layer 
Manufacturing process on large multi-layer parts, Comp. Mater. Sci. 2011, 50:3315-3322. 
[14] Wang R., Lei Y.,Shi Y., Numerical simulation of transient temperature field during laser keyhole welding of 304 stainless steel sheet. Optics & Laser Techn 
2011, 43:870-873.
[15] Gan Y., Wang W., Cui Z., Yan X., Guan Z., Numerical and experimental study of the temperature field evolutionof Mg alloy during high power diode laser 
surface melting. Optik 2015, 126:739-743. 
[16] Lia H., Shena Z., Ni X., Temperature field analysis of high reflection film induced bylong-pulse and short-pulse lasers under different irradiation angles. 
Optik 2015, 126:4254-4258. 
[17] Carslaw H.S., Jaeger J.C., Conduction of heat in solids, Oxford University Press 1973. 
558   Jerzy Winczek et al. /  Procedia Engineering  149 ( 2016 )  553 – 558 
[18] Rykalin N.N., 1947, Tieplovyje osnovy svarki, Moskva. 
[19] Rykalin N.N., 1951, Rasczioty tieplowych processow pri svarkie, Moskwa, Maszgiz. 
[20] Myśliwiec, M., 1970, Thermo-mechanical basis of welding, WN-T, Warszawa, 64 – 67.
[21] Ravi Vishnu P., Li W.B., Easterling K.E., 1991, Heat-Flow Model for Pulsed Welding, Materials Science and Technology, vol. 7, 649-659. 
[22] Mathematical modelling of weld phenomena, ed. H. Cerjak, K. E. Easterling, 1993, The Institute of Materials, London. 
[23]Radaj D., Heat effects of welding. Temperature field, residual stress, distortion. Springer-Verlag, Berlin Heidelberg, New York, London, Paris, Tokyo, 1992. 
